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Abstract 

In this article, we investigated the algebraic structures of KU-algebras by 
applying soft set theory. The notions of soft KU-algebras and soft KU-subalgebras 
is developed, and some basic properties are discussed. 

1. Introduction 

Molodtsov [8] gave the concept of soft set theory first time, which is 
very helpful tool for dealing vague and the problems containing 
uncertainty. Molodtsov introduced several directions for the 
implementations of soft sets. Now a days soft set theory progressing 
rapidly. Maji et al. [7], use the soft sets in decision making problems. Soft 
set theory in the algebraic structure were first implemented by Aktas and 
Cagman [1]; soft set theory to BCK/BCI-algebras was first applied by Jun 
and Park [4, 5]. 

KU-algebra, which is a new algebraic structure introduced by 
Prabpayak and Leerawat [13]. They gave various related properties in 
[14]. Mostafa et al. [9] studied KU-algebra in fuzzy context and studied 
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fuzzy KU-ideals of KU-algebras and then they investigated several basic 
properties, which are related to fuzzy KU-ideals, also see [10]. In [11], 
authors established some interesting results on cubic KU-algebras,       
and in [12], the results on cubic shyperideal-Γ  in left almost 

roupssemihyperg-Γ  have been developed. 

In this article, we apply the concept of soft set theory in KU-algebra 
and further theory of soft KU-algebras and soft KU-subalgebras are 
developed, and then their basic properties are investigated. 

2. Review of Literature 

Now we will recall some known concepts related to KU-algebra and 
soft sets from the literature, which will be helpful in further study of this 
article. 

Definition 1 ([13]). A KU-algebra is an algebra ( )0,, ∗X  of type      
(2, 0) with a single binary operation ∗  that satisfies the following 
identities: 

(1)  ( ) ( ) ( )[ ] ,0313221 =∗∗∗∗∗ xxxxxx  

(2)  ,00 =∗x  

(3)  ,0 xx =∗  

(4)  1221 0 xxxx ∗==∗  implies ,21 xx =  

for any .,, 321 X∈xxx  

In further, we denote a KU-algebra by X. In X, we can define a binary 
relation ≤  by 21 xx ≤  if and only if .012 =∗ xx  

Definition 2 ([14]). A subset S of KU-algebra X is called “KU-subalgebra” 
of X if ,21 Sxx ∈∗  whenever ., 21 Sxx ∈  

Definition 3 ([14]). Let ( )0,, ∗X  and ( )0,, ′∗′′X  be KU-algebras. A 

homomorphism is a map XX ′→:f  satisfying ( ) ( ) ( ),2121 xfxfxxf ∗′=∗   

for all ., 21 X∈xx  
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Now we will recall the some basic definitions of soft sets. 

Molodtsov defined the notion of a soft sets as follows. Let U be an 
initial universe and E be the set of parameters. The parameters are 
usually “attributes, characteristics or properties of an object”. Let ( )UP  

denote the power set of U and C is a subset of E. 

Definition 4 ([8]). A pair ( )C,  is called a soft set over U, where  

is a mapping given by ( ).: UPC →  

In other words, a soft set over U is a parametrized family of subsets 
of U. 

Definition 5 ([6]). Let ( )C,  and ( )DG,  be two soft sets over a 

common universe U. The soft set ( )C,  is called a soft subset of ( ),, DG  

if DC ⊆  and for all [ ] [ ]., ε⊆ε∈ε GC  This relationship is denoted by 

( ) ( ).,, DGC   Similarly ( )C,  is called a soft superset of ( ),, DG  if 

( )DG,  is soft subset of ( )., C  This relationship is denoted by ( )C,  

( )., DG  Two soft sets ( )C,  and ( )DG,  over U are said to be equal, if 

( )C,  is a soft subset of ( )DG,  and ( )DG,  is a soft subset of ( )., C  

Definition 6 ([6]). Let ( )C,  and ( )DG,  be any two soft sets over U. 

(1) The intersection ( )EH ,  of two soft sets ( )C,  and ( )DG,  is 

defined as the soft set ( ) ( ) ( ),,~,, DGCEH ∩=  where DCE ∩=  and 

for all C∈ε  

[ ]

[ ]

[ ]
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(2) The union ( )EH ,  of two soft sets ( )C,  and ( )DG,  is defined as 

the soft set ( ) ( ) ( ),,~,, DGCEH ∪=  where DCE ∪=  and for all C∈ε  

[ ]

[ ]

[ ]
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(3) The AND operation ( )C,  AND ( )DG,  of two soft sets ( )C,    

and ( )DG,  is defined as the soft set ( ) ( ) ( ),,~,, DGCEH =  where  

[ ] [ ] [ ]βα=βα GH ∩,  for all ( ) ., DC ×∈βα  

(4) The OR operation ( )C,  OR ( )DG,  of two soft sets ( )C,           

and ( )DG,  is defined as the soft set ( ) ( ) ( ),,~,, DGCEH =  where  

[ ] [ ] [ ]βα=βα GH ∪,  for all ( ) ., DC ×∈βα  

Definition 7 ([3, 6]). Let ( )C,  and ( )DG,  be two soft sets over U. 

Then, 

(1) The  -intersection of two soft sets ( )C,  and ( )DG,  is defined 

as the soft set ( ) ( ) ( )DGCEH ,,, =  over U, where ,DCE ×=  where 

[ ] [ ] [ ]βα=βα GH ∩,  for all ( ) ., DC ×∈βα  

(2) The union-  of two soft sets ( )C,  and ( )DG,  is defined as the 

soft set ( ) ( ) ( )DGCEH ,,, =  over U, where ,DCE ×=  where 

[ ] [ ] [ ]βα=βα GH ∪,  for all ( ) ., DC ×∈βα  

(3) Let ( )C,  and ( )DG,  be two soft sets over G and K, respectively. 

The Cartesian product of the soft sets ( )C,  and ( ),, DG  denoted          

by ( ) ( ),,, DGC ×  is defined as ( ) ( ) ( ),,,, BAUDGC ×=×  where  

[ ] [ ] [ ]β×α=βα GU ,  for all ( ) ., DC ×∈βα  
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3. Soft KU-algebras 

Now we introduce the notion of soft KU-algebras. In this article,        
X will denote KU-algebra unless stated otherwise. 

Definition 8. A soft set ( )C,  over X is called a soft KU-algebra 

over X, if [ ]ε  is a KU-subalgebra of X, for all .C∈ε  

Proposition 1. A soft set ( )C,  over X is a soft KU-algebra, if and 

only if each [ ]ε≠/0  is a KU-subalgebra of X, for all .C∈ε  

Proof. Let ( )C,  be a soft KU-algebra over X. Then by above 

definition, [ ]ε  is a KU-subalgebra of X, for all .C∈ε  It follows that for 
all [ ] 0, /≠ε∈ε C  is a KU-subalgebra of X. 

Conversely, let us consider that ( )C,  is a soft set over X such that 

for all [ ] 0, /≠ε∈ε C  is a KU-subalgebra of X, whenever [ ] .0/≠ε  Since 

[ ]ε  is a KU-subalgebra of X. Hence ( )C,  is a soft KU-algebra over X. 

 

Example 1. Let { }dcba ,,,,0=X  in which ∗  is defined by the 

following table: 

∗  0 a b c d 

0 0 a b c d 

a 0 0 0 0 a 

b 0 c 0 c d 

c 0 a b 0 a 

d 0 0 0 0 0 

Clearly ( )0,, ∗X  is a KU-algebra. Let the soft set ( ),, X  with  

( )XX P→:  is defined as ( ) { } ( ) { } ( ) { },,,0,,0,00 cabaa ===  

( ) { },,,0 dcc =  and ( ) { }.,0 dd =  It is clear that ( )X,  is a soft        

KU-algebra over X. 
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Example 2. Let { }cba ,,,0=X  in which ∗  is defined by 

∗  0 a b c 

0 0 a b c 

a 0 0 b c 

b 0 a 0 c 

c 0 0 0 0 

Clearly ( )0,, ∗X  is a KU-algebra. Let us consider the soft set ( ),, X  

where ( )XX P→:  defined by ( ) { } ( ) { } ( ) { },,,0,,0,00 cabaa ===  

( ) { },,, cbac =  then it is clear that ( )X,  is a not soft KU-algebra over 

X as ( ) { }cbac ,,=  is not a KU-subalgebra of X. It shows that there may 

exist some soft sets, which are not soft KU-algebra. 

Theorem 1. Let ( )C,  and ( )DG,  be two soft KU-algebras over X. 

Then so is their intersection, i.e., ( ) ( ).,~, DGC ∩  

Proof. As ( )C,  and ( )DG,  are two soft KU-algebras over X, so 

their intersection over X is a soft set ( ),, EH  where DCE ∪=  and for 

all ,E∈ε  it is defined as 

[ ]

[ ]

[ ]
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
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
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
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Since for all E∈ε  either DC\∈ε  or CD\∈ε  or .DC ∩∈ε  If 

,\DC∈ε  then [ ] [ ].ε=εH  As [ ]ε  is a KU-algebra over X, then [ ]εH  is 

a KU-algebra over X. If ,\CD∈ε  then [ ] [ ].ε=ε GH  As [ ]εG  is a         

KU-algebra over X, then [ ]εH  is a KU-algebra over X. If ,DC ∩∈ε  then 
[ ] [ ] [ ].εε=ε GH ∩  As [ ]ε  and [ ]εG  are both KU-algebra over X, then 

[ ]εH  is a KU-algebra over X. In all the three cases, [ ]εH  is a KU-algebra 

over X. Hence ( ) ( ) ( )DGCEH ,~,, ∩=  is a soft KU-algebra over X.   
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Theorem 2. Let ( )C,  and ( )DG,  be two soft KU-algebras over X. 

Then so is ( ) ( ).,~, DGC ∪  

Proof. The proof is straightforward.   

Theorem 3. Let ( )C,  and ( )DG,  be two soft KU-algebras over X. 

Then so is ( ) ( ).,~, DGC   

Proof. Using Definition 6(3), we have 

( ) ( ) ( ),,~,, DGCDCH =×  

where [ ] [ ] [ ]βα=βα GH ∩,  for all ( ) ., DC ×∈βα  Since ( )α,  and [ ]βG  

are KU-subalgebras of X, the intersection [ ] [ ]βα G∩  is also a              

KU-subalgebra of X. Therefore, [ ]βα,H  is a KU-subalgebra of X for all      

( ) ., DC ×∈βα  Thus ( ) ( ) ( )DGCEH ,~,, =  is a soft KU-algebra over X. 

 

Theorem 4. Let ( )C,  and ( )DG,  be two soft KU-algebras over X. 

Then so is ( ) ( ).,~, DGC   

Proof. The proof is straightforward.   

Definition 9. Let ( ){ } ,, Φ≠∈ iCii  family of soft KU-algebras 

over X, then the bi(restricted)-intersection over a common universe U is 
defined as the soft set ( ) ( ),,,~ EHCiii =∈  where ii CE ∈= ∩  and 

( ) ( )xxH ii ∈= ∩  for all .Ex ∈  

Theorem 5. Let ( ){ } ,, Φ≠∈ iCii  family of soft KU-algebras   

over X. Then the bi-intersection ( )iii C,~
 ∈  is a soft KU-algebra over X. 

Proof. Let ( ){ }∈iCii ,  be a non-empty family of soft                 

KU-algebras over X. By definition of bi-intersection ( ) ( ),,,~ EHCiii =∈  

where ii CE ∈= ∩  and ( ) ( ),xxH ii ∈= ∩  for all .Ex ∈  Let 
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( ),, EHx ∈  then ( ) ,0/≠∈ xii ∩  so we get ( ) 0/≠xi  for all .∈i  Since 

each ( )ii C,  is a soft KU-algebra over X, it follows ( )xi  is a              

KU-subalgebra of X for all ,∈i  and hence ( ) ( )xxH ii ∈= ∩  is a      

KU-subalgebra of X. So ( ) ( )EHCiii ,,~ =∈  is a soft KU-algebra      

over X.   

Corollary 1. Let ( ){ } ,, Φ≠∈ iCii  family of soft KU-algebras 

over X. Then the bi-intersection ( )iii C,~
 ∈  is a soft KU-algebra over X. 

Proof. The proof is straightforward.   

Definition 10. Let ( ){ } ,, Φ≠∈ iCii  family of soft KU-algebras 

over X. Then the extended-intersection is the soft set defined by          

( ) ( ),,,~ EHCiii =∈∩  where ii CE ∈= ∪  and ( ) ( )xxH ii ∈= ∩  and  

( ) { },iCiix ∈=  for all .Ex ∈  

Theorem 6. Let ( ){ } ,, Φ≠∈ iCii  family of soft KU-algebras over 

X. Then the extended-intersection ( )iii C,~
∈∩  is a soft KU-algebra over 

X, if it is non-empty. 

Proof. Let ( ){ } ,, Φ≠∈ iCii  family of soft KU-algebras over X. 

By definition of extended-intersection ( ) ( ),,,~ EHCiii =∈∩  where 

ii CE ∈= ∪  and ( ) ( ),xxH ii ∈= ∩  for all .Ex ∈  Let ( ),, EHx ∈  then 

( ) ( ) 00 /≠⇒/≠∈ xx iii ∩  for all .∈i  Since each ( )ii C,  is a soft 

KU-algebra over X, it follows ( )xi  is a KU-subalgebra of X for all ,∈i  

and thus ( ) ( )xxH ii ∈= ∩  is a KU-subalgebra of X. Hence  

( ) ( )EHCiii ,,~
=∈∩  is a soft KU-algebras over X.  

Definition 11. Let ( ){ } ,, Φ≠∈ iCii  family of soft KU-algebras 

over X. Then the restricted-union is the soft set defined by ( )iii C,~
∈∪  

( ),, EH=  where 0/≠= ∈ ii CE ∩  and ( ) ( )xxH ii ∈= ∪  for all .Ex ∈  
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Theorem 7. Let ( ){ } ,, Φ≠∈ iCii  family of soft KU-algebras over 

X. If ( ) ( )jjii xx ⊆  or ( ) ( )iijj xx ⊆  for all ∈ji,  and ,ii Cx ∈  

then the restricted union ( )iii C,~
∈∪  is a soft KU-algebras over X. 

Proof. Let ( ){ } ,, Φ≠∈ iCii  family of soft KU-algebras over      

X. By definition of restricted-union ( ) ( ),,,~ EHCiii =∈∪  where  

ii CE ∈= ∩  and ( ) ( )xxH ii ∈= ∪  for all .Ex ∈  Let ( )., EHx ∈  Since 

( ) ,0/≠∈ xii ∪  so we get ( ) 0/≠xoi  for some .∈oi  Since each 

( )ii C,  is a soft KU-algebra over X, it follows ( )xoi  is a KU-subalgebra 

of X for all ,∈oi  and thus ( ) ( )xxH ii ∈= ∪  is a KU-subalgebra of X. 

Hence ( ) ( )EHCiii ,,~
=∈∪  is a soft KU-algebras over X.   

Theorem 8. Let ( ){ } ,, Φ≠∈ iCii  family of soft KU-algebras   

over X. Then the  -intersection ( )iii C,~
 ∈  is a soft KU-algebras over X. 

Proof. Let ( ){ } ,, Φ≠∈ iCii  family of soft KU-algebras over X. 

By definition ( ) ( ),,,~ EHCiii =∈  where ii CE ∈∏=  and  

( ) ( )iii xxH ∈= ∩  for all ( ) .Exx ii ∈= ∈  

Let ( ) ( ),, EHxx ii ∈= ∈  then ( ) ( ) ,0/≠= ∈ iii xxH ∩  so we get 

( ) 0/≠xi  for all .∈i  Since each ( )ii C,  is a soft KU-algebra over     

X, it follows ( )ii x  is a KU-subalgebra of X for all ,∈i  and hence  

( ) ( )xxH ii ∈= ∩  is a KU-subalgebra of X. That is ( ) ( )EHCiii ,,~ =∈  

is a soft KU-algebras over X.   

Theorem 9. Let ( ){ } ,, Φ≠∈ iCii  family of soft KU-algebras over 

X. If ( ) ( )jjii xx ⊆  or ( ) ( )iijj xx ⊆  for all ∈ji,  and .ii Cx ∈  

Then so is − union ( )iii C,~
 ∈  is a soft KU-algebras over X. 

Proof. The proof is straightforward.   



MUHAMMAD GULISTAN and MUHAMMAD SHAHZAD 10

Definition 12. Let ( ){ } ,, Φ≠∈ iCii  family of soft KU-algebras 

over X. Then we define ( ) ( ),,,~ EHCiii =∏ ∈  where ii CE ∈∏=  and 

( ) ( ),iii xxH ∈∏=  for all ( ) ,Exx ii ∈= ∈  which is known as 

Cartesian product of soft sets. 

Theorem 10. Let ( ){ } ,, Φ≠∈ iCii  family of soft KU-algebras 

over X. Then so is the Cartesian product ( ).,~
iii C∈∏  

Proof. By definition, we can write ( ) ( ),,,~ EHCiii =∏ ∈  where 

ii CE ∈∏=  and ( ) ( )iii xxH ∈∏=  for all ( ) .Exx ii ∈= ∈  Let  

( ) ( ),, EHxx ii ∈= ∈  then ( ) ( ) ,0,~
/≠∏= ∈ iii CxH   so we get 

( ) 0/≠ii x  for all .∈i  Since each ( )ii C,  is a soft KU-algebra over X, 

it follows ( )ii x  is a KU-subalgebra of X for all ,∈i  and hence 

( ) ( )xxH ii ∈∏=
~  is a KU-subalgebra of X. Hence, the Cartesian 

product ( )iii C,~
∈∏  is a soft KU-algebras over .ii X∈∏    

Definition 13. Let ( )C,  be a soft KU-algebra over X. Then ( )C,  

is called “trivial soft KU-algebra” over X if ( ) { }”“ 0=x  and ( )C,  is 

called “whole soft KU-algebra” over X if ( ) ”,“ X=x  for all .Cx ∈  

Example 3. Let { }cba ,,,0=X  in which ∗  is defined by 

∗  0 a b c 

0 0 a b c 

a 0 0 b c 

b 0 a 0 c 

c 0 0 0 0 

then ( )0,, ∗X  is a KU-algebra. Consider the soft set ( ),, C  where 

{ }.,, cbaC =  Then ( ) X=x  for all .Cx ∈  It is clear that ( )C,  is a 

“whole soft KU-algebra” over X. 
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Now we consider the soft set ( ),, D  where { },bD =  then ( ) { }0=x  

for all ,Dx ∈  then it is clear that ( )D,  is a “trivial soft KU-algebra” 

over X. 

Definition 14. Let “X, Y be two KU-algebras” and YX →λ :  be a 
mapping of KU-algebras. If ( )C,  and ( )DG,  are any two soft sets over 

X and Y, respectively, then the image of the soft set ( ) ( )( )CC ,, λ=  is 

a soft set over Y, where ( ) ( )yPC →λ :  is defined as ( ) ( ) ( )( )xx λ=λ  

for all Cx ∈  and the inverse image of the soft set ( ) ( ( ) )DGDG ,, 1−λ=  

is a soft set over X, where ( ) ( )XPDG →λ− :1  is defined by ( ) ( ) =λ− yG1  

( )( )yG1−λ  for all .Dy ∈  

Lemma 1. Let YX →λ :  be an onto homomorphism of KU-algebras, 

(i) if ( )C,  is a soft KU-algebra over X, then ( )( )C,λ  is a soft       

KU-algebra over Y; 

(ii) if ( )DG,  is a soft KU-algebra over Y, then ( ( ) )DG ,1−λ  is a soft 

KU-algebra over X. 

Proof. (i) Since ( )C,  is a soft KU-algebra over X, so ( )( )C,λ  is a 

non-empty soft set over Y. Let ( )( ),, Cx λ∈  we have ( )( ) ( )( ) .0/≠λ=λ xx  

As ( )x  is a KU-subalgebra over X, its onto homomorphic image ( )( )xλ  

is a KU-subalgebra over Y. Hence ( )( )xλ  is a KU-subalgebra over Y for 

all .Cx ∈  Thus ( )( )C,λ  is a soft KU-algebra over Y. 

(ii) Since ( ( ) ) ( ).,,1 DGDG ⊂λ−  Let ( ( ) ),,1 DGy −λ∈  then ( ) .0/≠yG  

As ( ) 0/≠yG  is a subalgebra over Y, its onto homomorphic inverse image 

( ) ( )yG1−λ  is a KU-algebra over X. Hence ( ) ( )yG1−λ  is a KU-subalgebra 

over X for all .Dy ∈  Thus ( ( ) )DG ,1−λ  is a soft KU-algebra over X.   
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Theorem 11. Let YX →λ :  be an onto homomorphism mapping of 
KU-algebras. Let ( )C,  and ( )DG,  are two soft KU-algebras over X and 

Y, respectively, then 

(i) if ( ) ( )λ= kerx  for all ,Cx ∈  then ( )( )C,λ  is a trivial soft      

KU-algebra over Y; 

(ii) if λ  is onto and ( )C,  is whole soft KU-algebra over X, then 

( )( )C,λ  is a whole soft KU-algebra over Y; 

(iii) if ( ) ( )XyG λ=  for all ,Dy ∈  then ( ( ) )DG ,1−λ  is a whole soft 

KU-algebra over X; 

(iv) if λ  is injective and ( )DG,  is trivial soft KU-algebra over Y, then 

( ( ) )DG ,1−λ  is a trivial soft KU-algebra over X. 

Proof. (i) Let ( ) ( )λ= kerx  for all ,Cx ∈  then ( )( ) ( )( ) ( )Yxx 0=λ=λ  

for all .Cx ∈  Hence by above lemma, ( )( )C,λ  is a trivial soft KU-algebra 

over Y. 

(ii) Suppose λ  is onto and ( )C,  is whole soft KU-algebra over X. 

Then ( ) X=x  for all ,C∈X  and so ( ) ( ) ( )( ) ( ) ,YX =λ=λ=λ Xx  for 

all .Cx ∈  By above lemma, ( )( )C,λ  is a whole soft KU-algebra over Y. 

(iii) Let ( ) ( ),xxG λ=  for all .Dy ∈  Then ( ) ( ) ( )( ) =λ=λ −− yGyG 11  

( )( ) ,1 XX =λλ−  for all .Dy ∈  So by above lemma, ( ( ) )DG ,1−λ  is a whole 

soft KU-algebra over X. 

(iv) Let ( ( ) )DG ,1−λ  is a trivial soft KU-algebra over X, then 

( ) { }OyG =  for all ( ( ) )DG ,1−λ  is a whole soft KU-algebra over X. So 

( ) ( ) ( )( ) { }( ) ( ) { },ker111
XOOyGyG =λ=λ=λ=λ −−−  for all .Dy ∈  Thus 

by above lemma, ( ( ) )DG ,1−λ  is a trivial soft KU-algebra over X.   



ON SOFT KU-ALGEBRAS 13

Definition 15. Let ( )C,  and ( )DG,  be two soft KU-algebras over 

X. Then ( )DG,  is called soft KU-subalgebra of ( ),, C  denoted by 

( )DG,  ( ),,~ Cs  if it satisfies the following conditions: 

(i) ,CD ⊆  

(ii) ( )xG  is a KU-subalgebra of ( )x  for all ( )., DGx ∈  

Example 4. Let { }cba ,,,0=X  in which ∗  is defined by the 

following table: 

∗  0 a b c 

0 0 a b c 

a 0 0 b c 

b 0 a 0 c 

c 0 0 0 0 

Clearly ( )0,, ∗X  is a KU-algebra. Consider the soft set ( ),, C  where 

{ },,, cbaC =  then ( ) X=x  for all .Cx ∈  It is clear that ( )X,  is soft 

KU-algebra over X. 

Also consider the soft set ( ),, DG  where { },bD =  then ( ) { }0=xG  for 

all .Dx ∈  It is clear that ( )DG,  is a soft KU-algebra over X. By above 

definition, CD ⊆  and ( )xG  is a KU-subalgebra of ( )x  for all 

( )., DGx ∈  Hence ( ) ( ).,~, CDG s  

Theorem 12. Let ( )C,  be a soft KU-algebras over X, if ,CE ⊂  then 

( )EE ,  is a soft KU-algebra over X. 

Proof. The proof is straightforward.   
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Example 5. Let { }cba ,,,0=X  in which ∗  is defined by the 

following table: 

∗  0 a b c 

0 0 a b c 

a 0 0 b c 

b 0 a 0 c 

c 0 0 0 0 

Clearly ( )0,, ∗X  is a KU-algebra. Consider the soft set ( ),, C  where 

( )XPC →:  is defined as ( ) { }cbax ,,=  for all Cx ∈  is not a 

subalgebra of X. So ( )C,  is not a soft KU-algebra over X. But, if we 

take { },0=⊂ CE  then ( )E,  is a soft KU-algebra over X. 

Theorem 13. Let ( )C,  and ( )DG,  be two soft KU-algebras over X 

and ( ) ( ),,~, CDG ⊆  then ( ) ( ).,~, CDG s  

Proof. The proof is straightforward.   

Theorem 14. Let ( )C,  be a soft KU-algebra over X and 

( ){ }∈iCH ii ,  be a non-empty family of soft KU-subalgebras of ( )., C  

Then the bi-intersection ( )iii CH ,~
 ∈  is a soft KU-subalgebras of ( ),, C  

if it is non-empty. 

Proof. The proof is straightforward.   

Theorem 15. Let ( )C,  be a soft KU-algebra over X and 

( ){ }∈iCHi ,  be a non-empty family of soft KU-subalgebras of ( )., C  

Then the bi-intersection ( )CHii ,~
 ∈  is a soft KU-subalgebras of ( ),, C  

if it is non-empty. 

Proof. The proof is straightforward.   
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Theorem 16. Let ( )C,  be a soft KU-algebra over X and 

( ){ }∈iCH ii ,  be a non-empty family of soft KU-subalgebras of ( )., C  

Then the extended-intersection ( )iii CH ,~
∈∩  is a soft KU-subalgebras of 

( ),, C  if it is non-empty. 

Proof. The proof is straightforward.   

Theorem 17. Let ( )C,  be a soft KU-algebra over X and 

( ){ }∈iCH ii ,  be a non-empty family of soft KU-subalgebras of ( )., C  

If ( ) ( )jjii xHxH ⊆  or ( ) ( )iijj xHxH ⊆  for all ∈ji,  and ,ii Cx ∈  

then the restricted union ( )iii CH ,~
∈∪  is a soft KU-algebras of ( ),, C  if 

it is non-empty. 

Proof. Let ( ){ }∈iCH ii ,  be a non-empty family of soft               

KU-subalgebras over X. By definition of restricted-union ( ) =∈ iii CH ,~
∪  

( ),, EH  where ii CC ∈= ∩  and ( ) ( )xxH ii ∈= ∪  for all .Cx ∈  Let 

( )., EHx ∈  Since ( ) ( ) ,0/≠= ∈ xxH ii ∪  so we get ( ) ,0/≠xH oi  for some 

.∈oi  Since ( ) ( )jjii xHxH ⊆  or ( ) ( ),iijj xHxH ⊆  for all ∈ji,  and 

ii Cx ∈  and hence ( ) ( )xxH ii ∈= ∪  is a KU-subalgebra of X for all  

( )., EHx ∈  That is ( ) ( )EHCiii ,,~
=∈∪  is a soft KU-subalgebra of 

( )., C    

Theorem 18. Let ( )C,  be a soft KU-algebra over X and 

( ){ }∈iCH ii ,  be a non-empty family of soft KU-subalgebras of ( )., C  

Then the  -intersection ( )iii CH ,~
 ∈  is a soft KU-subalgebras of  ∈i

~  

( )., C  

Proof. The proof is straightforward.   
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Theorem 19. Let ( )C,  be a soft KU-algebra over X and 

( ){ }∈iCH ii ,  be a non-empty family of soft KU-subalgebras of ( )., C  

If ( ) ( )jjii xHxH ⊆  or ( ) ( )iijj xHxH ⊆  for all ∈ji,  and ,ii Cx ∈  

then the  -union ( )iii CH ,~
 ∈  is a soft KU-subalgebras of ( ).,~ Ci  ∈  

Proof. The proof is straightforward.   

Theorem 20. Let ( )C,  be a soft KU-algebra over X and 

( ){ }∈iCH ii ,  be a non-empty family of soft KU-subalgebras of ( )., C  

Then the Cartesian product ( )iii CH ,~
∈∏  is a soft KU-subalgebras of 

( ).,~ Ci ∈∏  

Proof. By definition, we can write ( ) ( ),,,~ EHCH iii =∏ ∈  where 

ii CC ∈∏=  and ( ) ( ) 0/≠∏= ∈ iii xHxH   for all ( ) .Exx ii ∈= ∈  Since 

( ){ }∈iCH ii ,  be a non-empty family of soft KU-subalgebras of    

( )C,  we have ( )ii xH  is a KU-subalgebra of ( )ix  and hence 

( ) ( )iii xHxH ∈∏=
~  is a KU-subalgebra of ( ).~

ii x∈∏  That is the 

Cartesian product ( )iii CH ,~
∈∏  is a soft KU-subalgebras of ( ).,~ Ci ∈∏   

  

Theorem 21. Let YX →λ :  be a homomorphism of KU-algebras 
and ( )C,  and ( )DG,  be two soft KU-algebras over X. If             

( ) sDG ~,  ( ),, C  then 

( )( ) ( )( ).,~, CDG s  

Proof. Let ( ) ( )CDG s ,~,   and ( ),, DGx ∈  then ( )., Cx ∈  By 

Definition 15, CD ⊆  and ( )xG  is a KU-subalgebra of ( )x  for all         

∈x ( )., DG  Since  is homomorphism so ( ) ( )( )xGxG =  is a                   

KU-subalgebra of ( )( ) ( ).xx =  Hence ( )( ) ( )( ).,~, CDG s    
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Theorem 22. Let YX →λ :  be a homomorphism of KU-algebras 
and ( )C,  and ( )DG,  be two soft KU-algebras over X. If              

( ) sDG ~, ( ),, C  then 

( ( ) ) ( ( ) ).,~, 11 CDG s
−−   

Proof. Let ( ) ( )CDG s ,~,   and ( ( ) ).,1 DGy −∈  By Definition 15, 

CD ⊆  and ( )yG  is a KU-subalgebra of ( )y  for all .Dy ∈  Since  is 

homomorphism so ( ) ( )( )yGyG 11 −− =  is a KU-subalgebra of ( )( )y1−  

( ).1 y−=  Hence ( ( ) ) ( ( ) ).,~, 11 CDG s
−−     

Definition 16. Let ( )C,  and ( )DG,  be two soft KU-algebras over 

the KU-algebras X, Y, respectively. Let YX →λ :  and DC →γ :  be 

two mappings, then the pair ( )γλ,  is called soft function from ( )C,  to 

( )., DG  

A pair ( )γλ,  is called soft homomorphism from X to Y, if it satisfies 

the following: 

(i) λ  is homomorphism; 

(ii) γ  is a mapping; 

(iii) ( ) ( )xGx γ=λ  for all .Cx ∈  

( )C,  is said to be softly homomorphic to ( )DG,  under the soft 

homomorphism ( ),, γλ  if ( )γλ,  is soft homomorphism and both γλ,   are 

surjective if λ  is an isomorphism from X to Y, and γ  is bijective from C 

to D, then ( )γλ,  is called soft isomorphism and that ( )C,  is softly 

isomorphic to ( )DG,  under the soft isomorphism ( )., γλ  It is denoted by 

( ) ( ).,~, DGC  

Proposition 2. The relation “~” is an equivalence relation of soft    
KU-algebras. 
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Proof. The proof is straightforward.   

Example 6. Let { }dcba ,,,,0=X  in which ∗  is defined by the 

following table: 

∗  0 a b c d 

0 0 a b c d 

a 0 0 0 0 a 

b 0 c 0 c d 

c 0 a b 0 a 

d 0 0 0 0 0 

Clearly ( )0,, ∗X  is a KU-algebra. Consider the soft set ( ),, N  where N 

is the set of natural numbers and ( )XPN →,  is defined as  

( )
{ }

{ }
.

2if,,0

2if,,,0













=
na

nca
n  Clearly ( )N,  is a soft KU-algebra. Also the 

soft set ( ),, NG  where N is the set of natural numbers and 

( )XPNG →:  is defined as ( )
{ }

.
2if,0

2if,,0













/
=

n

na
n  Clearly ( )NG,  is a 

soft KU-algebra. Let YX →λ :  defined by ( ) .
.if,0

if,













=/

=
=λ

cx

cxc
x  

Clearly λ  is a KU-homomorphism. Also, consider the mapping 
NN →γ :  defined by ( ) ,2xx =γ  then ( )( ) ( ) ( )( )xGxGx γ==λ  for 

every .Nx ∈  Thus ( )γλ,  is a soft homomorphism by above definition. 

Theorem 23. Let YX →λ :  be an onto homomorphism of            
KU-algebras and ( )C,  and ( )DG,  be two soft KU-algebras over X and 

Y, respectively. 

(i) The soft function ( )CI,λ  from ( )C,  to ( )CH ,  is a soft 

homomorphism from X to Y, where CCIC →:  and ( )YPCH →:  

defined by ( ) ( )( ),xxH λ=  for all .Cx ∈  
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(ii) If YX →λ :  be an isomorphism, then the soft function ( )DI,1−λ  

from ( )DG,  to ( )DK ,  is a soft isomorphism from Y to X, where 

DDID →:  and ( )XPDK →:  defined by ( ) ( )( ),1 xGxK −λ=  for all 

.Dx ∈  

Proof. The proof is straightforward.   

Proposition 3. Let X, Y, and Z be KU-algebras and ( ) ( ),,,, DGC  

and ( )EH ,  soft KU-algebras over X, Y, and Z, respectively. If the soft 

function ( )γλ,  from ( )C,  to ( )DG,  is a soft homomorphism and the 

soft function ( )µη,  is a soft homomorphism from ( )DG,  to ( ),, EH  then 

the soft function ( )µγηλ oo ,  is a soft homomorphism from ( )C,  to 

( )., EH  

Proof. The proof is straightforward.   

Theorem 24. Let X and Y be KU-algebras and ( ) ( )DGC ,,,  soft 

sets over X and Y, respectively. If ( )C,  is a soft KU-algebra over X and 

( ) ( ),,~, DGC  then ( )DG,  is also a soft KU-algebra over Y. 

Proof. The proof is straightforward.   
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